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Solution to Homework 11

Problem 1 (E96, 30%)

An independent set of a graph
���������	��


is a subset
�
�����

of verticessuchthat
eachedgein

�
is incidenton at mostonevertex in

���
. The independent-set problem

is to determinea maximum-sizeindependentsetin
�

.

Question 1.1
An independentsetof sizetwo for the graphbelow is

� � ���������������
. Find a

largerindependentsetfor this graph.

���

������

���
���

Solution:
����� �!�����"���#�"�����

Question 1.2
Formulatetherelateddecisionproblem,INDEPENDENT-SET, for theindependent-
setproblem.

Solution:

INDEPENDENT-SET
�$�&%'�(�*),+.-#�

is a graphwith anindependentsetof size
)/�10

Question 1.3
Show thatINDEPENDENT-SET 2 NP

0



Solution: Givenan instance
%'�(�	)3+

anda certificate
���

, we canverify whether���
is a subsetof

�
, whethereachedgeof

�
is incidenton at mostonevertex

in
�4�

, andwhetherthe cardinalityof
�
�

is
)
. Thesecheckscanclearly all be

performedin polynomialtime, thusINDEPENDENT-SETis in NP.

Question 1.4
Given a graph

�5�6�7�1�"��

, constructa graph 8 asthe complement of

�
, that

is, let 8 be a graphwith vertex set
�

andedgeset
�9�':;�"�&
=<1:;�"� 2 �1��:?>����

and
�@:A���B
C>2 �D� . Thecomplementof theabovegraphis:

���

������

���
���

Show that
�

hasacliqueof size
)

if andonly if 8 hasanindependentsetof size)
.

Solution:E : Assume
�

hasaclique
���

of size
)
. Fromthedefinitionof acliqueweknow

that for all
:A��� 2 �4�A-F�@:A���B
 2 � andthusfor all

:A���
, 8 will not contain

theedge
�':;�"�&


. Sincetherearenoedgesbetweenany of theverticesin
� �

,�4�
is anindependentsetof size

)
.G : (analogous)Assume8 hasanindependentset

���
of size

)
. Fromthedefi-

nition of anindependentsetweknow thatfor all
:A��� 2 �4� thereis noedge�@:A���B


in 8 andthusfor all
:A��� 2 �4� , �@:A���B
 2 � . Clearly

�4�
is acliqueof�

of size
)
.

Question 1.5
Completetheproof thatINDEPENDENT-SETis NP-complete.

Solution: From (b) we know INDEPENDENT-SET is in NP. From (c) it is
clearthatwe canreduceCLIQUE to INDEPENDENT-SETin polynomialtime.
SinceCLIQUE is known to be NP-complete,it follows from Lemma36.8that
INDEPENDENT-SETis NP-complete.

Question 1.6
Assumeeachvertex of

�
hasdegreetwo. Constructa linear time algorithmto

find a maximalindependentsetin
�

.

Solution: Graphswhereall verticeshave degreetwo consistsof disjoint setsof
sub-graphswhereeachsub-graphconsistsof a closed“chain” of vertices.For a
chainwith H verticesthereis anindependentsetof size IKJ �BL . A simpleadoption
of depth-firstsearchcanbeusedto constructtheindependentset.



Problem 2 (E97, 20%)

Given two undirectedgraphs
��� �M�7�/���"�C�N


and
�
�O�M�7�P�#�	���Q


, the subgraph-
isomorphismproblemis to determinewhether

���
containsa subgraphisomorphicto�
�

, that is, to determinewhetherthereexistsa subset
���R�/�

anda subset
�6�O�C�

suchthat
< �S<��T< � � <

and
< �U<��T< � � <

andthereexistsaninjective function V -9� �CW �
satisfying

�@:A���B
 2 � � if andonly if
� V �@:F
X� V �@�B
�
 2 � .

As anexample,considerthetwo graphs
� �

and
� �

below:

Y

Z
[

\

]

^ _

`a

bdc
:

bfe
:

In this example,
� �

containssubgraphsisomorphicto
� �

. Onepossiblesubgraphis
givenby

���5�QgP�*hQ�"i��"j3�
,
���k�9�7g��	hK
K���7h��"j&
X���7j3�	iN
X�!�'i��	gB
*�

, and V givenby V �'l�

�g�� V �'mB
n�ohQ� V �7p9
n�qi�� V �':/
n�qj .
The relateddecisionproblem,SUBGRAPH-ISOMORPHISM,for the subgraph-

isomorphismproblemis

SUBGRAPH-ISOMORPHISM
� �&%'�����"�
�!+r-#���

containsa subgraphisomorphicto
�
���10

Question 2.1
Show thatSUBGRAPH-ISOMORPHISMis in NP.

Solution: Givenan instance
%'�����"�
�!+

anda certificate
�7�1�"�D� V 
 , we canverify

whetherthefollowing conditionsaresatisfied:s �t�u��� and
< �U<#�R< �P�9<

s �t�v� � and
< �U<#�T< � � <

sfw �':;�"�&
 2 ���x-3� V �@:F
X� V �@�B
�
 2 �s V is injective.

Each of thesecheckscan be performedin polynomial time, and thus SUB-
GRAPH-ISOMORPHISMis in NP.

Question 2.2
Show thatSUBGRAPH-ISOMORPHISMis NP-hard.

Hint: ConsiderrestrictingSUBGRAPH-ISOMORPHISMto caseswhere
�
�

is
a completegraphandusethatCLIQUE is NP-complete.

Solution: We usea reductionfrom CLIQUE. Let
%7�(�	),+

be an instanceof
CLIQUE. Thereductionalgorithmconstructs

���
and
�
�

asfollows:



s ��� is a copy of
�

.s �
� is a completegraphconsistingof
)

vertices.

It is observedthat
�

hasa cliqueof size
)

if andonly if
���

containsa subgraph
isomorphicto

�
�
. Sincetheaboveconstructioncanbeperformedin polynomial

time,we have that

CLIQUE y{z SUBGRAPH-ISOMORPHISM
0

SinceCLIQUE is NP-complete,it followsfrom Lemma36.8thatSUBGRAPH-
ISOMORPHISMis NP-hard.

Question 2.3
ProvethatSUBGRAPH-ISOMORPHISMis NP-complete.

Solution: Follows immediatelyfrom 5.1,5.2,andLemma36.8.

Problem 3 (E98, 40%)

In thisproblemweconsiderthecolouringof mapsof countries.It is a famoustheorem
thatany mapof countriescanbecolouredwith only four colourssothatnotwo adjacent
countrieshave the samecolour. Below areshown two maps. The first requiresfour
colours,thesecondonly three.We usethevalues

�!|�|,�"|3}#��}�|,��}#}#�
for thefour colours.

1101

10

00 00

1001

00

For thepurposeof finding anassignmentof coloursto thecountries,we canmodela
mapasanundirectedgraph

�~�R�7�1�"��

, wherethevertices

�~�~��}��N0�0N0X� H � represent
thecountries,andtheedges

���u�����
representtheneighbouringrelation.Thetwo

mapsabovehave thefollowing associatedgraphs:



We take a colouringof a graph
�

to be a vector �iD��%7i��Q��0N0N0��"i J + assigninga colouriK� 2 �!|�|,�	|,}#��}�|3�N}#}#� to eachof thevertices.A valid colouring is a colouring �i of
�

suchthat w �@�*���9
 2 �D0�i � >��i	��0
ROBDDscanbeusedto find valid colourings.For eachcountry

�
, weusetwo Boolean

variables
�@l � �"m � 


representingthecolourof thatcountry. For instance,if
i � � |3}

then�@l � �"m � 
��O�'|3�N}Q

.

Question 3.1
Write down an expressionover the Booleanvariablesexpressingthe condition
thattwo givencountries

�
and
�

havedifferentcolours.Draw anROBDD corre-
spondingto this expression.

Solution: � �@l�����l �1� m#����m � 
 :

0 1

yj yj

yi

xj xj

xi

Question 3.2
Write down a Booleanexpressionover thevariables

lF���"m9�Q��0N0�0K��l J ��m J express-
ing thatthevariablesrepresenta valid colouringof a graph

�
.

Solution: �� �'� �"���#� � �'lP����l ��� m#�F��m � 


Question 3.3
Describeanalgorithmthatefficiently findsacolouringandcountsthenumberof
possibledifferentcolouringsin anundirectedgraph.

Solution: ConstructanROBDD for � � �'� �"���#� � �@l � ��lB� � m � ��m��!
 usinga number
of APPLY calls. Extracta solutionwith ANYSAT andcomputethe countwith SAT-
COUNT.



Anotherproblemassociatedwith colouringsis to determinewhetherthreecolours
is enough,i.e., whetherthereexists a valid colouringusingonly threecolours. The
decisionproblemcanbeformulatedasfollows:

3-COL
�O�9%7�4+{<��

admitsa valid colouring �i with only threecolours
�10

Question 3.4
Show that3-COL is in NP.

Solution: Use �i ascertificate,checkit by running througheachedgein the graph
andfor eachedgecheckthe colouringcondition. This is clearly implementableasa
polynomialtimealgorithm.

ProfessorC. Leverhasshown thefollowing threepolynomial-timereductions:s CIRCUIT-SAT y z 3-COLs 3-COL y z 3-CNF-SATs 2-CNF-SAT y{z 3-COL

Question 3.5
Useoneof his reductionsto show that3-COL is NP-complete.

Solution: Since3-COL is in NP, CIRCUIT-SAT y{z 3-COL, andCIRCUIT-SAT
is NP-complete,theresultfollows from lemma36.8in [CLR].

Question 3.6
Describehow to useROBDDs to decidewhetherthereexistsa valid colouring
usingthreecolours.

Solution: Take the expressionfor a four-colouring. Conjoin with the expression� J���A� � �@l�� � m#��
 disallowing theuseof thefourth colour. If theresultis theterminal
|

if andonly if thereis no three-colouring.
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