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Solution to Homework 11

Problem 1 (E96, 30%)

An independent set of agraphG = (V, E) is asubsetfV’ C V of verticessuchthat
eachedgein E is incidenton at mostonevertex in V'. Theindependent-set problem
is to determinea maximum-sizéndependensetin G.

Question 1.1
An independensetof sizetwo for the graphbelow is V! = {v;,v5}. Finda
largerindependensetfor this graph.

Solution: V' = {vy,vs,vs}

Question 1.2
Formulatetherelateddecisionproblem INDEPENDENTSET, for theindependent-
setproblem.

Solution:

INDEPENDENTSET = {(G, k) : G is agraphwith anindependensetof sizek} .

Question 1.3
Shaw thatINDEPENDENTFSET € NP.



Solution: Givenaninstance(G, k) anda certificateV’, we canverify whether
V' is a subsetf V, whethereachedgeof FE is incidenton at mostone vertex
in V', andwhetherthe cardinalityof V' is k. Thesecheckscanclearly all be
performedn polynomialtime, thusINDEPENDENTFSETIs in NP,

Question 1.4
GivenagraphG = (V, E), constructa graph H asthe complement of G, that
is, let H be a graphwith vertex setV andedgeset{(u,v) | u,v € V,u #
v, and(u,v) ¢ E}. Thecomplemenbf theabove graphis:

®

Show thatG hasacliqueof sizek if andonly if H hasanindependensetof size
k.

Solution:

=: Assume hasacliqueV"’ of sizek. Fromthedefinitionof acliquewe know
thatfor all u,v € V' : (u,v) € E andthusfor all u, v, H will notcontain
theedge(u, v). Sincethereareno edgeshetweerary of theverticesin V*,
V' is anindependensetof sizek.

<: (analogouspssumeH hasanindependensetV’ of sizek. Fromthe defi-
nition of anindependensetwe know thatfor all u, v € V' thereis noedge
(u,v) in H andthusfor allu,v € V', (u,v) € E. ClearlyV" is acliqgueof
G of sizek.

Question 1.5
Completethe proofthatINDEPENDENTFSETIis NP-complete.

Solution: From (b) we know INDEPENDENTSET is in NP. From (c) it is
clearthatwe canreduceCLIQUE to INDEPENDENTSET in polynomialtime.
SinceCLIQUE is known to be NP-completejt follows from Lemma36.8that
INDEPENDENTSETIis NP-complete.

Question 1.6
Assumeeachvertex of G hasdegreetwo. Constructa lineartime algorithmto
find amaximalindependensetin G.

Solution: Graphswhereall verticeshave degreetwo consistsf disjoint setsof
sub-graphsvhereeachsub-graptronsistof a closed‘chain” of vertices.For a
chainwith n verticesthereis anindependensetof size| 7 |. A simpleadoption
of depth-firstsearchcanbe usedto constructtheindependenset.



Problem 2 (E97, 20%)

Given two undirectedgraphsG; = (V1,E,) andGy = (Va, E»), the subgraph-
isomorphismproblemis to determinewhetherG; containsa subgraphisomorphicto
G-, thatis, to determinewhetherthereexistsa subsefl’ C V; andasubsetE! C E;
suchthat|V'| = |V»| and|E| = |E»| andthereexistsaninjective functionf : Vo — V
satisfying(u,v) € Es if andonly if (f(u), f(v)) € E.

As anexample,considerthetwo graphsG; andGs below:

Gy Go:

In this example,G; containssubgraphssomorphicto G,. One possiblesubgraphis
givenby V = {a,b,¢,d}, E = {(a,b), (b,d), (d, ), (c,a)}, and f givenby f(z) =

a, f(y) = b, f(2) = ¢, f(u) = d.
The relateddecisionproblem, SUBGRAPH-ISOMORPHISMfor the subgraph-
isomorphisnproblemis

SUBGRAPH-ISOMORPHISM= {(G1, G2) : G1 containsa subgraphisomorphicto G2} .

Question 2.1
Shav that SUBGRAPH-ISOMORPHISMs in NP.

Solution: Givenaninstance(G1, G») anda certificate(V, E, f), we canverify
whetherthefollowing conditionsaresatisfied:

e VCVyand|V| = |V

e KFCE; and|E| = |E2|

b V(U7U) € By (f(u),f(v)) €Ll

e fisinjective.
Each of thesecheckscan be performedin polynomial time, and thus SUB-
GRAPH-ISOMORPHISMs in NP,

Question 2.2
Shawv that SUBGRAPH-ISOMORPHISMs NP-hard.

Hint: ConsiderrestrictingSUBGRAPH-ISOMORPHISMo casesvhereG, is
acompletegraphandusethatcL1QUE is NP-complete.

Solution:  We usea reductionfrom CLIQUE. Let {G, k) be an instanceof
CLIQUE. Thereductionalgorithmconstruct€7; andG» asfollows:



e 7y isacopy of G.
e (G5 is acompletegraphconsistingof & vertices.
It is obsenedthatG hasacliqueof sizek if andonly if G; containsasubgraph

isomorphicto G». Sincetheabove constructiorcanbe performedn polynomial
time, we have that

CLIQUE <p SUBGRAPH-ISOMORPHISM

SinceCLIQUE is NP-completeit followsfrom Lemma36.8that SUBGRAPH-
ISOMORPHISMis NP-hard.

Question 2.3
Prove that SUBGRAPH-ISOMORPHISMs NP-complete.
Solution: Followsimmediatelyfrom 5.1,5.2,andLemma36.8.

Problem 3 (E98, 40%)

In this problemwe considerthe colouringof mapsof countries.It is afamougheorem
thatany mapof countriescanbecolouredwith only four colourssothatnotwo adjacent
countrieshave the samecolour. Below are shovn two maps. The first requiresfour

colours,thesecondnly three.We usethevalues{00, 01, 10, 11} for thefour colours.

00 00

10 0110

01 11 00

For the purposeof finding an assignmenbf coloursto the countrieswe canmodela
mapasanundirectedgraphG = (V, E), wheretheverticesV = {1,...,n} represent
thecountriesandtheedgestl C V' x V representheneighbouringelation. Thetwo
mapsabove have thefollowing associategraphs:




We take a colouringof a graphG to beavectoré = (ci, ..., c,) assigninga colour
¢; € {00,01,10,11} to eachof the vertices. A valid colouring is a colouringé of G
suchthat

V(l,]) € E. C; ;é Cj .

ROBDDscanbeusedto find valid colourings.For eachcountryi, we usetwo Boolean
variables(z;,y;) representinghe colourof thatcountry For instanceijf ¢; = 01 then

(zs,9:) = (0,1).

Question 3.1
Write down an expressionover the Booleanvariablesexpressingthe condition
thattwo givencountriesi and;j have differentcolours.Draw anROBDD corre-
spondingo this expression.

Solution: —(z; & z; Ay; © ;):

Question 3.2
Write down a Booleanexpressioroverthevariablese, 1, - - - , Zp, Yn EXPress-
ing thatthevariablesrepresena valid colouringof agraphG.

Solution: /\ —(zi & z; ANy & yj)
(i,5)eE

Question 3.3
Describeanalgorithmthatefficiently findsa colouringandcountsthe numberof
possibledifferentcolouringsin anundirectedgraph.

Solution: ConstructanROBDD for A ; »cp ~(zi & z; Ayi < y;) usinganumber
of APPLY calls. Extracta solutionwith ANY SAT and computethe countwith SAT-
COUNT.



Anotherproblemassociatedavith colouringsis to determinewhetherthreecolours
is enough,i.e., whetherthereexists a valid colouringusingonly threecolours. The
decisionproblemcanbeformulatedasfollows:

3-COL = {{G@) | G admitsavalid colouringé with only threecolours} .

Question 3.4
Shaow that3-COL isin NP.

Solution: Use ¢ ascertificate,checkit by runningthrougheachedgein the graph
andfor eachedgecheckthe colouring condition. This is clearlyimplementableasa
polynomialtime algorithm.

ProfessolC. Lever hasshavn thefollowing threepolynomial-timereductions:
e CIRCUIT-SAT <p 3-COL
e 3-COL <p 3-CNF-SAT
e 2-CNF-SAT <p 3-COL

Question 3.5
Useoneof hisreductiongo shav that3-COL is NP-complete.

Solution: Since3-COL isin NP, CIRCUIT-SAT <p 3-COL, andCIRCUIT-SAT
is NP-completetheresultfollows from lemma36.8in [CLR].

Question 3.6
Describehow to useROBDDsto decidewhetherthereexists a valid colouring
usingthreecolours.

Solution:  Take the expressionfor a four-colouring. Conjoin with the expression
Ay ~(z; A y;) disalloving the useof thefourth colour. If theresultis theterminal0
if andonly if thereis nothree-colouring.
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