Efficient Algorithms and Programming

Week 1l

Readingbefore Monday November 12th
CLR Chapter36.3-4.

Exercisesfor Monday November 12th
1. In section36.3: Exercises36.3-1,36.3-2.
2. In section36.4; Exercises36.4-1,36.4-5,36.4-6,and 36.4-7 (this oneis diffi-
cult!).

Assignmentfor Friday November 19th

Problem1 (E96,30%)

An independent set of agraphG = (V, E) is asubsetl! C V of verticessuchthat
eachedgein FE is incidenton at mostonevertex in V'. Theindependent-set problem
is to determinea maximum-sizendependensetin G.

Questionl.1
An independensetof sizetwo for the graphbelow is V! = {v;,v5}. Find a
largerindependensetfor this graph.

Questionl1.2
Formulatetherelateddecisionproblem INDEPENDENTSET, for theindependent-
setproblem.

Questionl1.3
Show thatINDEPENDENTFSET € NP.



Question1.4
GivenagraphG = (V, E), constructagraph H asthe complement of G, that
is, let H be a graphwith vertex setV andedgeset{(u,v) | u,v € V,u #
v, and(u,v) ¢ E}. Thecomplemenbf theabove graphis:

@

Shaw thatG hasacliqueof sizek if andonly if H hasanindependensetof size
k.

Questionl1.5
Completethe proofthatINDEPENDENTSETIis NP-complete.

Questionl1.6
Assumeeachvertex of G hasdegreetwo. Constructa lineartime algorithmto
find amaximalindependensetin G.

Problem2 (E97,20%)

Given two undirectedgraphsG; = (V1,E;) andGy = (Va, E»), the subgraph-
isomorphismproblemis to determinewhetherG; containsa subgraphisomorphicto
G, thatis, to determinewhetherthereexistsa subset’ C V; andasubsettl C E;
suchthat|V'| = |V»| and|E| = | E»| andthereexistsaninjective functionf : Vo - V
satisfying(u,v) € Es if andonly if (f(u), f(v)) € E.

As anexample,considetthetwo graphsz; andG, below:

Gy. Go:

In this example,G; containssubgraphssomorphicto G,. Onepossiblesubgraphs
given by V = {av bv c, d}' E = {(a7 b)a (b7 d)7 (d7 C), (C, a)}! andf given by f(x) =
a, f(y) =b,f(2) = ¢, f(u) = d.



The relateddecisionproblem, SUBGRAPH-ISOMORPHISMfor the subgraph-
isomorphisnproblemis

SUBGRAPH-ISOMORPHISM= {{G1,G2) : G1 containsa subgraptisomorphicto G2} .

Question2.1
Shav thatSUBGRAPH-ISOMORPHISMs in NP.

Question2.2
Shav that SUBGRAPH-ISOMORPHISMs NP-hard.

Hint: ConsiderestrictingSUBGRAPH-ISOMORPHISMo casesvhereG, is
acompletegraphandusethatcL1QUE is NP-complete.

Question2.3
Prove that SUBGRAPH-ISOMORPHISMs NP-complete.

Problem3 (E98,40%)

In this problemwe considerthe colouringof mapsof countries.It is afamougheorem
thatany mapof countriescanbecolouredwith only four colourssothatnotwo adjacent
countrieshave the samecolour. Below are shovn two maps. The first requiresfour

colours,thesecondnly three.We usethevalues{00, 01, 10, 11} for thefour colours.

00 00

10 0110

01 11 00

For the purposeof finding an assignmenbf coloursto the countrieswe canmodela
mapasanundirectedgraphG = (V, E), wheretheverticesV = {1,...,n} represent
thecountriesandtheedgestl C V' x V representheneighbouringelation. Thetwo
mapsabove have thefollowing associategraphs:




We take a colouringof a graphG to beavectoré = (ci, ..., c,) assigninga colour
¢; € {00,01,10,11} to eachof the vertices. A valid colouring is a colouringé of G
suchthat

V(l,]) € E. C; ;é Cj .

ROBDDscanbeusedto find valid colourings.For eachcountryi, we usetwo Boolean
variables(z;, y;) representinghe colourof thatcountry For instanceijf ¢; = 01 then

(zi,yi) = (0,1).

Question3.1
Write down an expressionover the Booleanvariablesexpressingthe condition
thattwo givencountriesi andj have differentcolours.Draw an ROBDD corre-
spondingo this expression.

Question3.2
Write down a Booleanexpressioroverthevariablese, vy, - - . , Zpn, Yn EXPress-
ing thatthevariablesrepresena valid colouringof agraphG.

Question3.3
Describeanalgorithmthatefficiently findsa colouringandcountsthe numberof
possibledifferentcolouringsin anundirectedgraph.

Anotherproblemassociatedavith colouringsis to determinewhetherthreecolours
is enough,i.e., whetherthereexists a valid colouringusingonly threecolours. The
decisionproblemcanbeformulatedasfollows:

3-COL = {{G) | G admitsavalid colouringé with only threecolourg .

Question3.4
Show that3-COL isin NP.

ProfessolC. Lever hasshavn thefollowing threepolynomial-timereductions:
e CIRCUIT-SAT <p 3-COL

e 3-COL <p 3-CNF-SAT
o 2-CNF-SAT <p 3-COL

Question3.5
Useoneof hisreductiongo shov that3-COL is NP-complete.

Question3.6
Describehow to useROBDDs to decidewhetherthereexists a valid colouring
usingthreecolours.

Readingfor next week

CLR Chapter36.5.
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