
Efficient Algorithms and Programming

Week11

Readingbefore Monday November12th

CLR Chapter36.3-4.

Exercisesfor Monday November12th

1. In section36.3:Exercises36.3-1,36.3-2.

2. In section36.4: Exercises36.4-1,36.4-5,36.4-6,and36.4-7(this oneis diffi-
cult!).

Assignmentfor Friday November19th

Problem1 (E96,30%)

An independent set of a graph
���������	��


is a subset
�
�����

of verticessuchthat
eachedgein

�
is incidenton at mostonevertex in

���
. The independent-set problem

is to determinea maximum-sizeindependentsetin
�

.

Question1.1
An independentsetof sizetwo for the graphbelow is

�������������������
. Find a

largerindependentsetfor this graph.

���

� ����

���

� �

Question1.2
Formulatetherelateddecisionproblem,INDEPENDENT-SET, for theindependent-
setproblem.

Question1.3
Show thatINDEPENDENT-SET  NP !



Question1.4
Given a graph

�"�#�$�%�&��

, constructa graph ' asthe complement of

�
, that

is, let ' be a graphwith vertex set
�

andedgeset
�(�*)+�&�,
.-%)+�&�  �%��)0/�

�1�
and

�2)3���4
5/ �6� . Thecomplementof theabovegraphis:

���

� ����

���

� �

Show that
�

hasacliqueof size 7 if andonly if ' hasanindependentsetof size
7 .

Question1.5
Completetheproof thatINDEPENDENT-SETis NP-complete.

Question1.6
Assumeeachvertex of

�
hasdegreetwo. Constructa linear time algorithmto

find a maximalindependentsetin
�

.

Problem2 (E97,20%)

Given two undirectedgraphs
� � �8�$� � �&� � 


and
�
�9�8�$�:�;�	���<


, the subgraph-
isomorphismproblemis to determinewhether

� �
containsa subgraphisomorphicto� �

, that is, to determinewhetherthereexistsa subset
���=�>�

anda subset
�#�9�5�

suchthat
- �?-��@- � � -

and
- �A-��@- � � -

andthereexistsaninjective function BDC � �5E �
satisfying

�2)3���4
  � � if andonly if
� B �2)F
G� B �2�4
�
  � .

As anexample,considerthetwo graphs
���

and
� �

below:
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In this example,
���

containssubgraphsisomorphicto
� �

. Onepossiblesubgraphis
givenby

���"�<V:�XW<�&Y��&Z[�
,
���\�(�$V1�	W]
]���$W��&Z,
G���$Z[�	Y^
G�_�*Y��	V4
X�

, and B givenby B �*`1

�V1� B �*a4
b�cW<� B �$d(
b�eY�� B �*)>
b�eZ .
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The relateddecisionproblem,SUBGRAPH-ISOMORPHISM,for the subgraph-
isomorphismproblemis

SUBGRAPH-ISOMORPHISM
�f�,g*�����&� �_h C ��� containsa subgraphisomorphicto

� � � !
Question2.1

Show thatSUBGRAPH-ISOMORPHISMis in NP.

Question2.2
Show thatSUBGRAPH-ISOMORPHISMis NP-hard.

Hint: ConsiderrestrictingSUBGRAPH-ISOMORPHISMto caseswhere
�
�

is
a completegraphandusethatCLIQUE is NP-complete.

Question2.3
ProvethatSUBGRAPH-ISOMORPHISMis NP-complete.

Problem3 (E98,40%)

In thisproblemweconsiderthecolouringof mapsof countries.It is a famoustheorem
thatany mapof countriescanbecolouredwith only four colourssothatnotwo adjacent
countrieshave the samecolour. Below areshown two maps. The first requiresfour
colours,thesecondonly three.We usethevalues

�_i�ij�&i[k;��k�ij��k;k;�
for thefour colours.

1101

10

00 00

1001

00

For thepurposeof finding anassignmentof coloursto thecountries,we canmodela
mapasanundirectedgraph

�l�=�$�%�&��

, wherethevertices

�l�l��k�� !�!^! ��mn� represent
thecountries,andtheedges

���o��pq�
representtheneighbouringrelation.Thetwo

mapsabovehave thefollowing associatedgraphs:
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We take a colouringof a graph
�

to be a vector rY6��g$Y��<� !^!^! �&Y]s h assigninga colourY]t  �_i�ij�	ijk;��k�i[�^k;k;� to eachof thevertices.A valid colouring is a colouring rY of
�

suchthat u �2vX�xw(
  � ! Y t /�yY	z !
ROBDDscanbeusedto find valid colourings.For eachcountry

v
, weusetwo Boolean

variables
�2` t �&a t 


representingthecolourof thatcountry. For instance,if
Y t �fi[k

then�2` t �&a t 
{�9�*i[�^k<

.

Question3.1
Write down an expressionover the Booleanvariablesexpressingthe condition
thattwo givencountries

v
and

w
havedifferentcolours.Draw anROBDD corre-

spondingto this expression.

Question3.2
Write down a Booleanexpressionover thevariables̀

� �&a � � !^!�! ��` s ��a s express-
ing thatthevariablesrepresenta valid colouringof a graph

�
.

Question3.3
Describeanalgorithmthatefficiently findsacolouringandcountsthenumberof
possibledifferentcolouringsin anundirectedgraph.

Anotherproblemassociatedwith colouringsis to determinewhetherthreecolours
is enough,i.e., whetherthereexists a valid colouringusingonly threecolours. The
decisionproblemcanbeformulatedasfollows:

3-COL
�9�(g$� h -��

admitsa valid colouring rY with only threecolours
� !

Question3.4
Show that3-COL is in NP.

ProfessorC. Leverhasshown thefollowing threepolynomial-timereductions:
| CIRCUIT-SAT }�~ 3-COL

| 3-COL }�~ 3-CNF-SAT

| 2-CNF-SAT } ~ 3-COL

Question3.5
Useoneof his reductionsto show that3-COL is NP-complete.

Question3.6
Describehow to useROBDDs to decidewhetherthereexistsa valid colouring
usingthreecolours.

Readingfor next week

CLR Chapter36.5.
EAP-E01-12 HenrikHulgaard HenrikReif Andersen
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