Efficient Algorithms and Programming

Week12

Readingbefore Monday November 19th
CLR Chapter36.5.

Exercisesfor Monday November 19th
1. Problem36-2in Chapter36.

Assignmentfor Friday November23th

Handin the solutionto thefollowing threeproblems(from earlierexams):

Problem1 (E96,30%)

LetG = (V, E) beadirected acyclic graph (DAG). A vertex v € V isasink if it has
out-degree0. In theexamplebelow, a andb aresinks.

Assumingu is avertex in G, thenumberof pathsstartingat« andendingin sinks
canbe computedwith the following algorithm:

PATH-COUNT(u) =

if uisasink then

s+1
else

s+ 0

for each v € Adj[u]

do s «+ s + PATH-COUNT(v)

endif
return s

Questionl.1
Whatis the asymptoticruntime of PATH-COUNT? Give anexampleof a graph
thatexhibits the worst-caséehaiour.

Question1.2
Suggestanimprovementof PATH-CouNT which malkesit moreefficient. Give
thealgorithmandits asymptoticruntime.



Question1.3
A pathp canberepresentedsalist (vy,...,v,) of theverticesonit. Give an
algorithm PATH-L1sT(u) which computesa list of all pathsstartingat vertex u
andendingin a sink. You canusethe notation{ps, ..., p,) for alist of paths
P1y---3Pn-

We now considergeneraldirectedgraphs,G = (V, E), which arenot necessarily
agyclic. A smple cyclein G is alist of vertices(vg, v1, .. .,v,) Wherevy = v, all
otherverticesaredifferentand (v;,v;1+1) € E for0 < ¢ < n — 1. In thegraphbelov
(4, h,e,d,a,j) is an exampleof a simple cycle. The graphhasfive simple cycles

containingj.
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Questionl1.4

Let v beavertex in G. Give an efficient algorithm Cy cLE-COUNT(v), which
computeghe numberof simplecyclesin G which containsy. (Hint: Think of v
asasink.)

Questionl1.5
Give analgorithm CycLE-LIST(v), which computesa list of all simplecycles
in G containingu.

Question1.6
Is youralgorithmCy CLE-LIST(v) optimal?Justifyyour answer

Problem?2 (E97,30%)

In this problem, an algorithm is developedwhich canimprove the orderingof an
ROBDD. Assumethatthe T-table hasbeenextendedwith a fourth field mark, which
canbeeither( or 1:

u | var | low | high | mark

In the questiondelow, you canassumehatall the mark entriesareinitialized to 0.



Question2.1
GiveanalgorithmMARK[T'](u), whichassignd to themark entryof eachnode
thatcanbereachedrom agivennodeu. Thealgorithmmusthave theasymptotic
runningtime O(|u|), where|u| is thenumberof nodesthatcanbereachedrom
u.

Question2.2
GiveanalgorithmCouNT[T"](u) thatin time O(|u|) countshow mary nodescan
bereachedrom, i.e., it returnsthenumberu].

Question2.3
GiveanalgorithmMaxOcc[T](u) thatin time O(|u| + n) findstheindex of the
variableamongthen variablesthatoccursmostfrequentlyin the ROBDD with
rootu. If severalvariablesoccurthe maximalnumberof times,any oneof them
is returned.

Thevariablewith index ¢ canbe“pulled up” to theroot of anROBDD w usingthe
following operations:

u' + MK(i, RESTRICT (u,i,0), RESTRICT(u,i,1))
TheROBDD «' is equivalentto u but hastheordering
T < << T < Tig1 << T

Question2.4
Give a greedyalgorithm REORDER(u), which givenan ROBDD u, iteratively
finds a variablethat occursmost frequentlyin w, pulls it up to the root, and
repeatgioingthis aslong asthe sizeof the ROBDD is decreasing.

Question2.5
Analyzetherunningtime of your algorithm.

Problem3 (E98,20%)

In this problem,you aregivena maze asann x n matrix whoseentriesare either _,

or B. If entry (4, j) is _, position (i, j) of the mazeis free, otherwiseposition (i, j)

is blocked. Only horizontalandvertical movesareallowed in the maze(no diagonal
moves). Movescanbe madeonly to the positionscontaining,_. You canassumehat
positions(1, 1) and(n,n) alwayscontain_. A path is asequencef positionsandthe
length of a pathis the numberof positionsin the sequenceA solution is a pathfrom

position(1, 1) to position(n, n). It is possiblethatno solutionexists. For example the
3 x 3 matrix to theleft correspond$o themazeto theright:
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In this examplethereareno solutions.
The8 x 8 matrix to theleft correspond$o the mazeto theright:
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In this mazethereare mary pathsfrom the startposition(1, 1) to the finish position
(8,8). A solutionof length25is shawvn in the mazeto theright.

Question3.1
Givenamazeasann x n matrix M, describehow to constructa graphG such
thatthegraphhasapathof lengthl — 1 from vertex (1, 1) to vertex (n, n) if and
only if thereis a solutionof length/ in themaze.

Question3.2
Givena mazeasann x n matrix M, describean O(n?) algorithmto find the
lengthof a shortespathfrom position(1, 1) to position(n,n). Your algorithm
shoulddetectif no solutionexists.
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