
Efficient Algorithms and Programming

Week12

Readingbefore Monday November19th

CLR Chapter36.5.

Exercisesfor Monday November19th

1. Problem36-2in Chapter36.

Assignmentfor Friday November23th

Handin thesolutionto thefollowing threeproblems(from earlierexams):

Problem1 (E96,30%)

Let
���������
	��

bea directed acyclic graph (DAG). A vertex 
�� � is a sink if it has
out-degree� . In theexamplebelow, � and � aresinks.

Assuming� is a vertex in
�

, thenumberof pathsstartingat � andendingin sinks
canbecomputedwith thefollowing algorithm:

PATH-COUNT
� � ������ � is asink �������� �"!��#�$�� � � ��&%(' ��)+*,�-
.��/103254 �768 % �1�9�;: PATH-COUNT

� 
 ���� 8 ���' �<��= ' � �
Question1.1

What is theasymptoticruntimeof PATH-COUNT? Give anexampleof a graph
thatexhibits theworst-casebehaviour.

Question1.2
Suggestan improvementof PATH-COUNT which makesit moreefficient. Give
thealgorithmandits asymptoticruntime.



Question1.3
A path > canberepresentedasa list ?@
BA �DC�CDC�� 
FE+G of theverticeson it. Give an
algorithmPATH-L IST

� � � which computesa list of all pathsstartingat vertex �
andendingin a sink. You canusethe notation ?H> A ��CDCDCD� > E G for a list of paths> A ��CDCDC�� > E .

We now considergeneraldirectedgraphs,
�I�J���K�L	M�

, which arenot necessarily
acyclic. A simple cycle in

�
is a list of vertices ?N
PO � 
BA ��CDCDCD� 
FE7G where 
PO � 
FE , all

otherverticesaredifferentand
� 
FQ � 
FQSRTA � � 	 for �VUXWYU[Z�\ ! . In thegraphbelow?^] �`_a�
bB�
c7� � � ]�G is an exampleof a simple cycle. The graphhasfive simple cycles

containing] .
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bdc

e g

h

j

f

Question1.4
Let 
 be a vertex in

�
. Give an efficient algorithmCYCLE-COUNT

� 
 � , which
computesthenumberof simplecyclesin

�
which contains
 . (Hint: Think of 


asa sink.)

Question1.5
Give an algorithmCYCLE-L IST

� 
 � , which computesa list of all simplecycles
in
�

containing
 .
Question1.6

Is youralgorithmCYCLE-L IST
� 
 � optimal?Justifyyouranswer.

Problem2 (E97,30%)

In this problem, an algorithm is developedwhich can improve the orderingof an
ROBDD. Assumethat the d -tablehasbeenextendedwith a fourth field mark, which
canbeeither � or ! : � var low high mark

In thequestionsbelow, youcanassumethatall themark entriesareinitialized to � .
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Question2.1
GiveanalgorithmMARK 4 dY6 � � � , whichassigns! to themark entryof eachnode
thatcanbereachedfrom agivennode� . Thealgorithmmusthavetheasymptotic
runningtime e �
f � f � , where

f � f is thenumberof nodesthatcanbereachedfrom� .

Question2.2
GiveanalgorithmCOUNT 4 dg6 � � � thatin time e �Lf � f � countshow many nodescan
bereachedfrom � , i.e., it returnsthenumber

f � f .
Question2.3

GiveanalgorithmMAXOCC 4 dY6 � � � thatin time e �Lf � f : Z � findstheindex of the
variableamongthe Z variablesthatoccursmostfrequentlyin theROBDD with
root � . If severalvariablesoccurthemaximalnumberof times,any oneof them
is returned.

Thevariablewith index W canbe“pulled up” to theroot of anROBDD � usingthe
following operations:

�5h � MK
� W � RESTRICT

� � � W � � �i� RESTRICT
� � � W � ! �L�

TheROBDD � h is equivalentto � but hastheorderingj Qlk j A knmDmDm7k j Q@oaA k j Q^R�A k[m�mDm+k j E
Question2.4

Give a greedyalgorithmREORDER
� � � , which given an ROBDD � , iteratively

finds a variablethat occursmost frequently in � , pulls it up to the root, and
repeatsdoingthis aslongasthesizeof theROBDD is decreasing.

Question2.5
Analyzetherunningtimeof youralgorithm.

Problem3 (E98,20%)

In this problem,you aregivena maze asan ZqprZ matrix whoseentriesareeither
or s . If entry

� W � ] � is , position
� W � ] � of the mazeis free, otherwiseposition

� W � ] �
is blocked. Only horizontalandverticalmovesareallowed in the maze(no diagonal
moves). Movescanbemadeonly to thepositionscontaining . You canassumethat
positions

� ! � ! � and
� Z � Z � alwayscontain . A path is a sequenceof positionsandthe

length of a pathis thenumberof positionsin thesequence.A solution is a pathfrom
position

� ! � ! � to position
� Z � Z � . It is possiblethatnosolutionexists.For example,thet p t matrix to theleft correspondsto themazeto theright:
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uv
s ss

wx
� ! � ! �

� t � t �
In thisexamplethereareno solutions.

The yzp{y matrix to theleft correspondsto themazeto theright:

u||||||||||v

ss s sss s ss s ss s ss ss

wD}}}}}}}}}}x
~ A`�&A��

~S� � � �
In this mazetherearemany pathsfrom the startposition

� ! � ! � to the finish position� y � y � . A solutionof length25 is shown in themazeto theright.

Question3.1
Givena mazeasan Z�p{Z matrix � , describehow to constructa graph

�
such

thatthegraphhasapathof length �+\ ! from vertex
� ! � ! � to vertex

� Z � Z � if and
only if thereis a solutionof length � in themaze.

Question3.2
Given a mazeasan Z�prZ matrix � , describean e � Za� � algorithmto find the
lengthof a shortestpathfrom position

� ! � ! � to position
� Z � Z � . Your algorithm

shoulddetectif no solutionexists.
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