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S
M

L
polym

orphic
types

and
type

variab
les

fu
n

le
n

[]
=

0

|
le

n
(x::xr)

=
1

+
le

n
xr;

>
va

l
’a

le
n

=
fn

:
’a

list
->

in
t

T
he

type
says:

for
any

type
’a

,function
le

n
has

type
’a

list
->

in
t

.

T
he

’a
is

a
type

variable;itm
ay

be
instantiated

w
ith

any
type.

T
hatis,le

n
w

orks
forin

t
list

and
strin

g
list

and
(strin

g
*in

t)
list

and
so

on.

S
M

L
equality

type
variab

les

fu
n

m
e

m
b

e
r

x
[]

=
fa

lse

|
m

e
m

b
e

r
x

(y::yr)
=

x=
y

o
re

lse
m

e
m

b
e

r
x

yr;

fu
n

w
o

rkd
a

y
d

=
m

e
m

b
e

r
d

["M
o

n
",

"T
u

e
",

"W
e

d
",

"T
h

u
",

"F
ri"];

>
va

l
’’a

m
e

m
b

e
r

=
fn

:
’’a

->
’’a

list
->

b
o

o
l

T
he

’’a
is

an
equality

type
variable;itm

ay
be

instantiated
only

w
ith

types
thatadm

itequality
(=

)
com

parison.

F
or

any
type

t
thatadm

its
equality,function

m
e

m
b

e
r

has
type

t
->

t
list

->
b

o
o

l
.

T
hatis,m

e
m

b
e

r
w

orks
only

on
data

thatcan
be

com
pared

for
equality.

A
lm

ostalldata
can,butfunctions

cannot.
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S
M

L:
polym

orphic
datatypes

A
tree

is
a

tree
is

a
tree

...
regardless

ofthe
type

ofnode
values:

d
a

ta
typ

e
’a

tre
e

=
L

f

|
B

r
o

f
’a

*
’a

tre
e

*
’a

tre
e

;

fu
n

su
m

tre
e

L
f

=
0

|
su

m
tre

e
(B

r(v,
t1

,
t2

))
=

v
+

su
m

tre
e

t1
+

su
m

tre
e

t2
;

C
reating

a
list

of
tree

nodes

fu
n

p
re

o
rd

e
r1

L
f

=
[]

|
p

re
o

rd
e

r1
(B

r(v,
t1

,
t2

))
=

v
::

p
re

o
rd

e
r1

t1
@

p
re

o
rd

e
r1

t2

S
o

p
re

o
rd

e
r1

(B
r(1

,
B

r(2
,

L
f,

L
f),

B
r(3

,
L

f,
L

f)))
is

[1
,

2
,

3
]

.

A
m

ore
efficientversion:

avoid
using

the
linear-tim

e
append

(@
)

operator:

fu
n

p
re

o
L

f
a

cc
=

a
cc

|
p

re
o

(B
r(v,

t1
,

t2
))

a
cc

=
v

::
p

re
o

t1
(p

re
o

t2
a

cc)

fu
n

p
re

o
rd

e
r

t
=

p
re

o
t

[]

T
he

resultofp
re

o
is

accum
ulated

in
the

accum
ulating

param
eter

a
cc

.
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V
arious

kinds
of

type
polym

orphism

�

P
aram

etric
polym

orphism
,as

in
S

tandard
M

L,G
eneric

Java,and
G

eneric
C

#:

T
he

type
variable

’a
is

a
param

eter
thatm

ay
range

over
arbitrary

types.

A
param

etric
polym

orphic
function

w
orks

the
sam

e
w

ay
regardless

how
the

type
variables

are
instantiated.

�

B
ounded

param
etric

polym
orphism

,as
in

S
tandard

M
L

equality
types

(and
G

eneric
Java,G

eneric
C

#):

T
he

type
variable

’a
is

a
param

eter
thatm

ay
range

over
alltypes

w
ith

certain
properties.

�

A
d

hoc
polym

orphism
,or

overloading:

T
he

Java
plus

operator
(+

)
m

ay
be

used
atcertain

types:in
t

,d
o

u
b

le
,S

trin
g

,...

�
S

om
etim

es,‘polym
orphism

’is
used

to
describe

virtualm
ethod

calls
in

object-oriented
languages:

T
he

m
ethod

callo
.m

(...)
m

ay
calldifferentm

ethods
depending

on
the

class
ofthe

objectbound
to

o
.

A
param

etric
polym

orphic
type

is
a

strong
assertion

abouta
function.

E
xam

ples:

T
here

is
only

one
term

inating
pure

function
oftype

’a
->

’a
.

T
here

is
only

one
term

inating
pure

function
oftype

’a
*

’b
->

’b
*

’a
.
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O
bject

langua
g

e
expressions

w
ith

variab
le

bindings
and

nested
scope

letz
=

17
in

z
+

z

letz
=

17
in

(letz
=

22
in

100
*

z
end)

+
z

A
bstract

syntax

d
a

ta
typ

e
e

xp
r

=
C

stI
o

f
in

t

|
V

a
r

o
f

strin
g

|
L

e
t

o
f

strin
g

*
e

xp
r

*
e

xp
r

|
P

rim
o

f
strin

g
*

e
xp

r
list

va
l

e
1

=
L

e
t("z",

C
stI

1
7

,
P

rim
("+

",
[V

a
r

"z",
V

a
r

"z"]));

va
l

e
2

=
L

e
t("z",

C
stI

1
7

,

P
rim

("+
",

[L
e

t("z",
C

stI
2

2
,

P
rim

("*",
[C

stI
1

0
0

,
V

a
r

"z"])),
V

a
r

"z"]));
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E
v

�

aluation
of

expressions
w

ith
variab

les
and

nested
scope

T
he

environm
ente

n
v

binds
variables

to
their

values.

A
let-binding

letx
=

erhs
in

ebody
evaluates

erhs
and

binds
x

to
the

resultduring
the

evaluation
ofebody.

fu
n

lo
o

ku
p

[]
x

=
ra

ise
F

a
il

(x
ˆ

"
n

o
t

fo
u

n
d

")
|

lo
o

ku
p

((y,
v)::r)

x
=

if
x=

y
th

e
n

v
e

lse
lo

o
ku

p
r

x;

fu
n

e
va

l
(e

:
e

xp
r)

(e
n

v
:

(strin
g

*
in

t)
list)

:
in

t
=

ca
se

e
o

f

C
stI

i
=

>
i

|
V

a
r

x
=

>
lo

o
ku

p
e

n
v

x

|
L

e
t(x,

e
rh

s,
e

b
o

d
y)

=
>

le
t

va
l

xva
l

=
e

va
l

e
rh

s
e

n
v

va
l

e
n

v1
=

(x,
xva

l)
::

e
n

v

in
e

va
l

e
b

o
d

y
e

n
v1

e
n

d
|

P
rim

("+
",

[e
1

,
e

2
])

=
>

e
va

l
e

1
e

n
v

+
e

va
l

e
2

e
n

v

|
P

rim
("*",

[e
1

,
e

2
])

=
>

e
va

l
e

1
e

n
v

*
e

va
l

e
2

e
n

v
|

P
rim

("-",
[e

1
,

e
2

])
=

>
e

va
l

e
1

e
n

v
-

e
va

l
e

2
e

n
v

|
P

rim
_

=
>

ra
ise

F
a

il
"u

n
kn

o
w

n
p

rim
itive

"

fu
n

e
va

l0
e

=
e

va
l

e
[]
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Interpretation
and

one-sta
g

e
execution

Interpreter
Program

Input

O
utput

A
n

interpreter
takes

a
program

and
possibly

som
e

input,and
executes

the
program

to
produce

som
e

output.

A
llthe

e
va

l
functions

w
e

have
seen

are
sim

ple
interpreters.

C
om

pilation
and

tw
o-sta

g
e

execution

Source program
T

arget program
C

om
piler

(A
bstract) m

achine

Input

O
utput

A
com

piler
takes

a
source

program
,checks

thatitis
w

ell-form
ed,and

then
generates

a
targetprogram

.

T
he

targetprogram
then

m
ay

be
executed

by
an

(abstract)
m

achine,
to

produce
som

e
output.

B
ecause

the
com

piler
has

done
the

checks,the
(abstract)

m
achine

need
notdo

them
,and

execution
is

faster.
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Interpreter
and

com
piler;

d
ynam

ic
and

static
sem

antics

T
he

dynam
ic

sem
antics

ofa
language

determ
ines

the
effectofa

program
w

hen
executed.

T
he

dynam
ic

sem
antics

ofa
language

is
typically

realized
by

an
interpreter

or
(abstract)

m
achine.

Itm
ay

be
described

inform
ally

(the
Java

Language
S

pecification)
or

form
ally

(the
D

efinition
ofS

tandard
M

L).

T
he

static
sem

antics
ofa

language
is

the
collection

ofw
ell-form

edness
requirem

ents
on

program
s.

T
he

static
sem

antics
ofa

language
is

typically
realized

by
the

checks
perform

ed
by

a
com

piler.

F
or

instance,a
com

piler
usually

checks
thatallvariables

in
a

program
are

bound
or

declared.

E
xam

ple:
T

he
static

sem
antics

ofJava
requires

allvariables
to

be
declared,so

a
Java

com
piler

m
ustrejectthis:

cla
ss

A
{

p
u

b
lic

sta
tic

vo
id

m
a

in
(S

trin
g

[]
a

rg
s)

{
S

yste
m

.o
u

t.p
rin

tln
(7

+
x);

}
}
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C
hecking

that
all

every
variab

le
occurrence

is
bound

(declared)

A
variable

occurrence
bound

by
an

enclosing
let-binding

is
called

bound
;

otherw
ise

itis
free.

In
letx

=
1

+
z

in
(lety

=
2

in
x

+
y

end)
+

y
end,variable

x
occurs

bound,z
free,and

y
both

bound
and

free.

A
sim

ple
check:

Is
every

variable
occurrence

bound
by

an
enclosing

let-binding?

Ifso,w
e

say
the

expression
is

closed.

T
his

is
checked

by
e.g.Java

and
P

ascalcom
pilers.

C
lassic

C
com

pilers
check

itfor
variables

butnotfunctions.

T
he

callclo
se

d
in

e
e

n
v

returns
true

ifevery
variable

in
e

is
bound

or
appears

in
the

liste
n

v
ofvariables:

fu
n

clo
se

d
in

(e
:

e
xp

r)
(e

n
v

:
strin

g
list)

:
b

o
o

l
=

ca
se

e
o

f
C

stI
i

=
>

tru
e

|
V

a
r

x
=

>
m

e
m

b
e

r
x

e
n

v

|
L

e
t(x,

e
rh

s,
e

b
o

d
y)

=
>

le
t

va
l

e
n

v1
=

x
::

e
n

v

in
clo

se
d

in
e

rh
s

e
n

v
a

n
d

a
lso

clo
se

d
in

e
b

o
d

y
e

n
v1

e
n

d
|

P
rim

(o
p

e
,

[e
1

,
e

2
])

=
>

clo
se

d
in

e
1

e
n

v
a

n
d

a
lso

clo
se

d
in

e
2

e
n

v;

A
n

expression
is

closed
ifitis

closed
in

the
em

pty
environm

ent:

fu
n

clo
se

d
1

e
=

clo
se

d
in

e
[];

A
closed

expression
can

be
evaluated

w
ithoutcausing

the
interpreter

to
fail.
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C
om

puting
sets

of
free

variab
les

A
lternatively,w

e
m

ay
com

pute
the

setoffree
variables

and
check

thatitis
em

pty.

W
e

representsets
as

lists.
T

his
is

sim
ple

butinefficient;w
e

could
use

binary
trees

or
hashsets

for
efficiency.

u
n

io
n

(xs,
ys)

is ���� � ,the
setofallelem

ents
in

xs
orys

,w
ithoutduplicates:

fu
n

u
n

io
n

([],
ys)

=
ys

|
u

n
io

n
(x::xr,

ys)
=

if
m

e
m

b
e

r
x

ys
th

e
n

u
n

io
n

(xr,
ys)

e
lse

x
::

u
n

io
n

(xr,
ys)

m
in

u
s(xs,

ys)
is��� � � ,the

setofallelem
ents

in
xs

butnotin
ys

:

fu
n

m
in

u
s

([],
ys)

=
[]

|
m

in
u

s
(x::xr,

ys)
=

if
m

e
m

b
e

r
x

ys
th

e
n

m
in

u
s(xr,

ys)
e

lse
x

::
m

in
u

s
(xr,

ys)
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F
ind

all
variab

les
that

occur
free

in
expression

e

fu
n

fre
e

va
rs

e
:

strin
g

list
=

ca
se

e
o

f

C
stI

i
=

>
[]

|
V

a
r

x
=

>
[x]

|
L

e
t(x,

e
rh

s,
e

b
o

d
y)

=
>

u
n

io
n

(fre
e

va
rs

e
rh

s,
m

in
u

s
(fre

e
va

rs
e

b
o

d
y,

[x]))
|

P
rim

(o
p

e
,

[e
1

,
e

2
])

=
>

u
n

io
n

(fre
e

va
rs

e
1

,
fre

e
va

rs
e

2
)

A
lternative

definition
ofthe

closedness
check:

fu
n

clo
se

d
2

e
=

(fre
e

va
rs

e
=

[])
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T� o
w

ards
com

pilation
of

expressions

S
o

far
variables

in
expressions

have
been

represented
as

nam
es

(strings).

In
com

piled
program

s,variables
are

usually
represented

as
addresses

or
indexes

or
offsets

(allintegers).

To
m

ake
expressions

m
ore

m
achine-like,

w
e

replace
sym

bolic
variable

nam
es

w
ith

w
ith

num
ericalindexes.

d
a

ta
typ

e
te

xp
r

=
(*

t
fo

r
ta

rg
e

t
e

xp
re

ssio
n

s
*)

T
C

stI
o

f
in

t

|
T

V
a

r
o

f
in

t
(*

in
d

e
x

in
to

ru
n

tim
e

e
n

viro
n

m
e

n
t

*)
|

T
L

e
t

o
f

te
xp

r
*

te
xp

r
(*

e
rh

s
a

n
d

e
b

o
d

y
*)

|
T

P
rim

o
f

strin
g

*
te

xp
r

list

Translating
variab

le
nam

e
to

variab
le

inde
x

at
com

pile-tim
e

A
com

pile-tim
e

environm
ent

ce
n

v
is

a
listofvariable

nam
es.

F
unction

g
e

tin
d

e
x

determ
ines

the
run-tim

e
index

ofa
variable

as
its

position
(�	 


	 ���

)
in

ce
n

v
:

fu
n

g
e

tin
d

e
x

(ce
n

v
:

’’a
list)

(x
:

’’a
)

=
le

t
fu

n
h

[]
=

ra
ise

F
a

il
"u

n
kn

o
w

n
va

ria
b

le
"

|
h

(y::yr)
=

if
x=

y
th

e
n

0
e

lse
1

+
h

yr

in
h

ce
n

v
e

n
d
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C
om

piling
from

e
x
p
r

to
t
e
x
p
r

F
unction

tco
m

p
is

a
com

piler
from

the
source

language
e

xp
r

to
the

targetlanguage
te

xp
r

.

fu
n

tco
m

p
(e

:
e

xp
r)

(ce
n

v
:

strin
g

list)
:

te
xp

r
=

ca
se

e
o

f

C
stI

i
=

>
T

C
stI

i

|
V

a
r

x
=

>
T

V
a

r
(g

e
tin

d
e

x
ce

n
v

x)
|

L
e

t(x,
e

rh
s,

e
b

o
d

y)
=

>

le
t

va
l

ce
n

v1
=

x
::

ce
n

v
in

T
L

e
t(tco

m
p

e
rh

s
ce

n
v,

tco
m

p
e

b
o

d
y

ce
n

v1
)

e
n

d

|
P

rim
(o

p
e

,
[e

1
,

e
2

])
=

>
T

P
rim

(o
p

e
,

[tco
m

p
e

1
ce

n
v,

tco
m

p
e

2
ce

n
v])

T
he

order
ofvariable

nam
es

in
ce

n
v

atcom
pile-tim

e
m

ustreflectthe
order

ofvariable
values

atrun-tim
e.

T
he

com
piler

w
orks

only
for

closed
expressions

—
a

free
variable

cannotbe
com

piled
to

an
index.

W
hatis

L
e

t("x",
C

stI
1

7
,

P
rim

("+
",

[V
a

r
"x",

C
stI

3
3

]))
com

piled
to?

W
hataboutL

e
t("x",

C
stI

1
7

,
P

rim
("+

",
[V

a
r

"x",
L

e
t("x",

C
stI

3
4

,
V

a
r

"x")]))
?
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E
xecution

of
targ

et
expressions

W
e

define
a

new
interpreterte

va
l

to
evaluate

targetexpressions
w

ith
variable

indexes.

T
he

run-tim
e

environm
entre

n
v

is
a

listofvariable
values

(integers
for

now
).

fu
n

te
va

l
e

(re
n

v
:

in
t

list)
:

in
t

=
ca

se
e

o
f

T
C

stI
i

=
>

i

|
T

V
a

r
x

=
>

L
ist.n

th
(re

n
v,

x)
(*

g
e

t
x’th

e
le

m
e

n
t

o
f

re
n

v
*)

|
T

L
e

t(e
rh

s,
e

b
o

d
y)

=
>

le
t

va
l

xva
l

=
te

va
l

e
rh

s
re

n
v

va
l

re
n

v1
=

xva
l

::
re

n
v

in
te

va
l

e
b

o
d

y
re

n
v1

e
n

d

|
T

P
rim

("+
",

[e
1

,
e

2
])

=
>

te
va

l
e

1
re

n
v

+
te

va
l

e
2

re
n

v
|

T
P

rim
("*",

[e
1

,
e

2
])

=
>

te
va

l
e

1
re

n
v

*
te

va
l

e
2

re
n

v

|
T

P
rim

("-",
[e

1
,

e
2

])
=

>
te

va
l

e
1

re
n

v
-

te
va

l
e

2
re

n
v

|
T

P
rim

_
=

>
ra

ise
F

a
il

"u
n

kn
o

w
n

p
rim

itive
"

T
here

are
no

variable
nam

es,only
variable

indexes,
atrun-tim

e.
T

he
nam

es
w

ere
rem

oved
atcom

pile-tim
e.

C
orrectness

on
the

tco
m

p
com

piler:
e

va
l

e
[]

equals
te

va
l

(tco
m

p
e

[])
[]

.
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E
xpressions

in
postfix

notation

A
ny

arithm
etic

expression
can

be
rew

ritten
in

postfix
notation,w

ithoutany
parentheses:

3
+

4
is

w
ritten

as
3

4
+

(7
*

9
)

+
1

0
is

w
ritten

as
7

9
*

1
0

+

7
*

(9
+

1
0

)
is

w
ritten

as
7

9
1

0
+

*

1
0

+
7

*
9

is
w

ritten
as

1
0

7
9

*
+

A
lso

know
n

from
H

-P
calculators

as
R

P
N

for
reverse

P
olish

notation
after

the
logician

Łukasiew
icz

(1878–1956).

O
bservation:

A
n

expression
w

ritten
in

postfix
is

a
sequence

ofinstructions
for

a
stack

m
achine:

E
xpression

in
postfix

S
tack

7
9

*
1

0
+

(em
pty)

�


9
*

1
0

+

�

�


*
1

0
+

�
�

�


1
0

+

��

�


+


�
��

�


(em
pty)

��

T
he

stack
top

is
to

the
left.

A
tthe

end
ofthe

com
putation,the

resultis
on

the
stack

top.

IT-C
P

rogram
m

ing
Languages,F

2002
P

age
2-15

S
tack

m
ac

hines

A
stack

m
achine

is
an

abstractm
achine

w
ith

an
evaluation

stack
for

storing
interm

ediate
results.

A
‘constant’instruction

(such
as

7
)

pushes
the

constantonto
the

stack
top

(show
n

to
the

left).

T
he

‘+
’instruction

pops
the

tw
o

top-m
ostvalues,adds

them
,and

puts
the

resultback
on

the
stack.

A
n

S
M

L
datatype

for
representing

stack
m

achine
instructions:

d
a

ta
typ

e
rin

str
=

R
C

stI
o

f
in

t
|

R
A

d
d

|
R

S
u

b
|

R
M

u
l

|
R

D
u

p
|

R
S

w
a

p

T
he

effectofstack
m

achine
instructions,schem

atically:

Instruction
S

tack
before

S
tack

after

R
C

st

�

�
�


� ��
�

R
A

d
d

�� ��
�� ��
�
�


� �� �
��� ��
�

R
S

u
b

�� ��
�� ��
�
�


� ����
��� ��
�

R
M

u
l

�� ��
�� ��
�
�


� �� �
��� ��
�

R
D

u
p

�� ��
�
�


�� ��
�� ��
�

R
S

w
a

p

�� ��
�� ��
�
�


�� ��
�� ��
�
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A
n

im
plem

entation
of

a
stac

k
m

ac
hine

in
S

M
L

T
he

stack
is

represented
by

a
list,w

ith
the

stack
top

atthe
head

ofthe
list.

fu
n

re
va

l
([]

:
rin

str
list)

(v
::

_
)

=
v

|
re

va
l

([]
:

rin
str

list)
[]

=
ra

ise
F

a
il

"re
va

l:
n

o
re

su
lt"

|
re

va
l

(in
st

::
re

st)
stk

=

ca
se

(in
st,

stk)
o

f
(R

C
stI

i,
_

)
=

>
re

va
l

re
st

(i::stk)

|
(R

A
d

d
,

i2
::

i1
::

stkr)
=

>
re

va
l

re
st

((i1
+

i2
)::stkr)

|
(R

S
u

b
,

i2
::

i1
::

stkr)
=

>
re

va
l

re
st

((i1
-i2

)::stkr)
|

(R
M

u
l,

i2
::

i1
::

stkr)
=

>
re

va
l

re
st

((i1
*i2

)::stkr)

|
(R

D
u

p
,

i1
::

stkr)
=

>
re

va
l

re
st

(i1
::

i1
::

stkr)
|

(R
S

w
a

p
,

i2
::

i1
::

stkr)
=

>
re

va
l

re
st

(i1
::

i2
::

stkr)

W
hen

there
are

no
m

ore
instructions,the

value
on

the
stack

top
is

returned.

E
valuating

the
expression

10
+

17
*

17
:

va
l

rp
n

1
=

re
va

l
[R

C
stI

1
0

,
R

C
stI

1
7

,
R

D
u

p
,

R
M

u
l,

R
A

d
d

]
[];

IT-C
P

rogram
m

ing
Languages,F

2002
P

age
2-17

C
om

pilation
of

a
variab

le-free
expression

to
a

sequence
of

stac
k

m
ac

hine
instructions

T
his

is
the

sam
e

as
transform

ing
the

expression
into

postfix
form

.

fu
n

rco
m

p
e

:
rin

str
list

=

ca
se

e
o

f
C

stI
i

=
>

[R
C

stI
i]

|
P

rim
("+

",
[e

1
,

e
2

])
=

>
rco

m
p

e
1

@
rco

m
p

e
2

@
[R

A
d

d
]

|
P

rim
("*",

[e
1

,
e

2
])

=
>

rco
m

p
e

1
@

rco
m

p
e

2
@

[R
M

u
l]

|
P

rim
("-",

[e
1

,
e

2
])

=
>

rco
m

p
e

1
@

rco
m

p
e

2
@

[R
S

u
b

]

|
P

rim
_

=
>

ra
ise

F
a

il
"u

n
kn

o
w

n
p

rim
itive

"

To
com

pile
e

1
+

e
2

,com
pile

e
1

then
e

2
,concatenate

their
instruction

sequences,
and

put‘+
’atthe

end.

T
he

expression
10

+
17

*
17

com
piles

to
[R

C
stI

1
0

,
R

C
stI

1
7

,
R

C
stI

1
7

,
R

M
u

l,
R

A
d

d
]

.

N
et

effect
principle

E
xecuting

a
com

piled
expression

puts
the

expression’s
value

on
top

ofthe
stack,changing

nothing
below

it.

C
orrectness

ofthe
rco

m
p

com
piler:

e
va

l
e

[]
equals

re
va

l
(rco

m
p

e
)

[]
.
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S
tack

m
ac

hines
in

the
real

w
orld:

P
ostscript

P
ostscript(ca.1984)

is
a

stack-based
program

m
ing

language
used

to
controlhigh-end

printers.

To
com

pute
(4

+
5

)*8
in

P
ostscript,w

rite:

4
5

a
d

d
8

m
u

l

To
bind

x
to

7
and

then
com

pute
x*x+

9
and

printit(using
the

‘=
’function):

/x
7

d
e

f
x

x
m

u
l

9
a

d
d

=

D
efining

the
factorialfunction

(� �

)
and

com
puting

the
factorialof�	 


	 ���	 
�

:

/fa
c

{
d

u
p

0
e

q
{

p
o

p
1

}
{

d
u

p
1

su
b

fa
c

m
u

l
}

ife
lse

}
d

e
f

0
1

1
2

{
fa

c
=

}
fo

r

T
he

g
s

or
G

hostscriptinterpreter
can

be
used

to
experim

entw
ith

P
ostscriptprogram

s.
U

nder
Linux:

g
s

-d
N

O
D

IS
P

L
A

Y

U
nder

M
S

W
indow

s
atIT-C

,this
m

ightw
ork:

C
:\A

la
d

d
in

\g
s6

.0
1

\b
in

\
g

sw
in

3
2

-d
N

O
D

IS
P

L
A

Y

T
he

Java
V

irtualM
achine

and
M

icrosoftC
om

m
on

Language
R

untim
e

(.N
E

T
)

are
also

abstractstack
m

achines.
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S
toring

interm
ediate

results
and

variab
le

bindings
in

the
sam

e
stac

k

O
ften

interm
ediate

results
and

variables
are

stored
in

the
sam

e
stack.

T
his

is
possible

w
hen

the
language

has
static

nested
scopes.

d
a

ta
typ

e
sin

str
=

S
C

stI
o

f
in

t
(*

p
u

sh
in

te
g

e
r

*)

|
S

V
a

r
o

f
in

t
(*

p
u

sh
va

ria
b

le
fro

m
e

n
v

*)
|

S
A

d
d

(*
p

o
p

a
rg

s,
p

u
sh

su
m

*)

|
S

S
u

b
(*

p
o

p
a

rg
s,

p
u

sh
d

iff.
*)

|
S

M
u

l
(*

p
o

p
a

rg
s,

p
u

sh
p

ro
d

u
ct

*)

|
S

P
o

p
(*

p
o

p
va

lu
e

/u
n

b
in

d
va

r
*)

|
S

S
w

a
p

(*
e

xch
a

n
g

e
to

p
a

n
d

n
e

xt
*)

T
he

expression
letz

=
17

in
z

+
z

w
ould

be
com

piled
to

these
instructions:

S
C

stI
1

7
,

S
V

a
r

0
,

S
V

a
r

1
,

S
A

d
d

,
S

S
w

a
p

,
S

P
o

p

T
he

purpose
ofS

S
w

a
p

,
S

P
o

p
is

to
rem

ove
the

variable
binding

(ofz)
below

the
interm

ediate
result(34).
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A
unified-stac

k
abstract

m
ac

hine

fu
n

se
va

l
([]

:
sin

str
list)

(v::_
)

=
v

|
se

va
l

([]
:

sin
str

list)
_

=
ra

ise
F

a
il

"se
va

l:
n

o
re

su
lt?

?
"

|
se

va
l

(in
st

::
re

st)
stk

=
(ca

se
(in

st,
stk)

o
f

(S
C

stI
i,

_
)

=
>

se
va

l
re

st
(i

::
stk)

|
(S

V
a

r
i,

_
)

=
>

se
va

l
re

st
(L

ist.n
th

(stk,
i)

::
stk)

|
(S

A
d

d
,

i2
::i1

::stkr)
=

>
se

va
l

re
st

(i1
+

i2
::

stkr)

|
(S

S
u

b
,

i2
::i1

::stkr)
=

>
se

va
l

re
st

(i1
-i2

::
stkr)

|
(S

M
u

l,
i2

::i1
::stkr)

=
>

se
va

l
re

st
(i1

*i2
::

stkr)

|
(S

P
o

p
,

_
::

stkr)
=

>
se

va
l

re
st

stkr
|

(S
S

w
a

p
,

i2
::i1

::stkr)
=

>
se

va
l

re
st

(i1
::i2

::stkr))

T
he

evaluation
ofS

C
stI

1
7

,
S

V
a

r
0

,
S

V
a

r
1

,
S

A
d

d
,

S
S

w
a

p
,

S
P

o
p,thatis,letz

=
17

in
z

+
z:

E
xpression

in
postfix

S
tack

S
C

stI
1

7
,

S
V

a
r

0
,

S
V

a
r

1
,

S
A

d
d

,
S

S
w

a
p

,
S

P
o

p
(em

pty)

�


S
V

a
r

0
,

S
V

a
r

1
,

S
A

d
d

,
S

S
w

a
p

,
S

P
o

p


�

�


S
V

a
r

1
,

S
A

d
d

,
S

S
w

a
p

,
S

P
o

p


� 
�

�


S
A

d
d

,
S

S
w

a
p

,
S

P
o

p


� 
� 
�

�


S
S

w
a

p
,

S
P

o
p

�  

�

�


S
P

o
p


��  

�


(em
pty)

�  
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C
om

piling
to

a
m

ac
hine

w
ith

only
one

stac
k

T
he

com
pile-tim

e
variable

environm
entcontains

variable
nam

es,and
dum

m
ies

In
trm

for
interm

ediate
values.

T
he

corresponding
run-tim

e
environm

entpositions
w

illhold
variable

values
resp.interm

ediate
results.

d
a

ta
typ

e
rtva

lu
e

=

B
o

u
n

d
o

f
strin

g
(*

A
b

o
u

n
d

va
ria

b
le

*)
|

In
trm

(*
A

n
in

te
rm

e
d

ia
te

re
su

lt
*)

C
om

pilation
to

a
list

of
instructions

for
a

unified-stac
k

m
ac

hine

fu
n

sco
m

p
e

(ce
n

v
:

rtva
lu

e
list)

:
sin

str
list

=
ca

se
e

o
f

C
stI

i
=

>
[S

C
stI

i]

|
V

a
r

x
=

>
[S

V
a

r
(g

e
tin

d
e

x
ce

n
v

(B
o

u
n

d
x))]

|
L

e
t(x,

e
rh

s,
e

b
o

d
y)

=
>

sco
m

p
e

rh
s

ce
n

v
@

sco
m

p
e

b
o

d
y

(B
o

u
n

d
x

::
ce

n
v)

@
[S

S
w

a
p

,
S

P
o

p
]

|
P

rim
(o

p
e

,
[e

1
,

e
2

])
=

>

sco
m

p
e

1
ce

n
v

@
sco

m
p

e
2

(In
trm

::
ce

n
v)

@
[ca

se
o

p
e

o
f

"+
"

=
>

S
A

d
d

|
"-"

=
>

S
S

u
b

|
"*"

=
>

S
M

u
l

|
_

=
>

ra
ise

F
a

il
"S

P
rim

2
o

p
e

ra
to

r"]
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C
om

piling
for

the
unified-stac

k
m

ac
hine

T
he

expression
letx

=
17

in
x

+
x

is
com

piled
to:

S
C

st
1

7
,

S
V

a
r

0
,

S
V

a
r

1
,

S
A

d
d

,
S

S
w

a
p

,
S

P
o

p

T
he

expression
letx

=
17

in
letz

=
22

in
100

*
z

end
+

z
is

com
piled

to:

S
C

stI
1

7
,

S
C

stI
2

2
,

S
C

stI
1

0
0

,
S

V
a

r
1

,
S

M
u

l,
S

S
w

a
p

,
S

P
o

p
,

S
V

a
r

1
,

S
A

d
d

,
S

S
w

a
p

,
S

P
o

p

B
ytecodes

for
stac

k
m

ac
hines

Internally,each
instruction

for
a

stack
m

achine
is

often
represented

by
a

few
sm

allintegers.
F

or
exam

ple:

Instruction
B

ytecode

S
C

st
i

0
i

S
V

a
r

x
1

x

S
A

d
d

2

S
S

u
b

3

S
M

u
l

4

S
P

o
p

5

S
S

w
a

p
6
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A
n

abstract
stac

k
m

ac
hine

in
Java

(file
S
t
a
c
k
.
j
a
v
a

)

cla
ss

S
ta

ck
{

fin
a

l
sta

tic
in

t
C

S
T

=
0

,
V

A
R

=
1

,
A

D
D

=
2

,
S

U
B

=
3

,
M

U
L

=
4

,
P

O
P

=
5

,
S

W
A

P
=

6
;

sta
tic

in
t

se
va

l(in
t[]

co
d

e
)

{
in

t[]
sta

ck
=

n
e

w
in

t[1
0

0
0

];
//

e
va

lu
a

tio
n

a
n

d
va

ria
b

le
sta

ck
in

t
sp

=
-1

;
//

p
o

in
te

r
to

cu
rre

n
t

sta
ck

to
p

in
t

p
c

=
0

;
//

p
ro

g
ra

m
co

u
n

te
r

in
t

in
str;

//
cu

rre
n

t
in

stru
ctio

n

w
h

ile
(p

c
<

co
d

e
.le

n
g

th
)

sw
itch

(in
str

=
co

d
e

[p
c+

+
])

{
ca

se
C

S
T

:
sta

ck[sp
+

1
]

=
co

d
e

[p
c+

+
];

sp
+

+
;

b
re

a
k;

ca
se

V
A

R
:

sta
ck[sp

+
1

]
=

sta
ck[sp

-co
d

e
[p

c+
+

]];
sp

+
+

;
b

re
a

k;
ca

se
A

D
D

:
sta

ck[sp
-1

]
=

sta
ck[sp

-1
]

+
sta

ck[sp
];

sp
--;

b
re

a
k;

ca
se

S
U

B
:

sta
ck[sp

-1
]

=
sta

ck[sp
-1

]
-

sta
ck[sp

];
sp

--;
b

re
a

k;
...
}

re
tu

rn
sta

ck[sp
];

}
}
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S
M

L:
higher

-order
functions

fu
n

m
a

p
f

[]
=

[]

|
m

a
p

f
(x::xr)

=
f

x
::

m
a

p
f

xr;

S
M

L:
anon

ym
ous

functions

fu
n

d
o

u
b

le
x

=
2

*
x;

m
a

p
d

o
u

b
le

[4
,

5
,

8
9

];

m
a

p
(fn

x
=

>
2

*
x)

[4
,

5
,

8
9

];
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S
M

L:

!

the
list

iterator
f
o
l
d
r

A
n

application
fo

ld
r

f
e

xs
replaces

‘::
’by

f
and

[]
by

e
in

listxs
:

fu
n

fo
ld

r
f

e
[]

=
e

|
fo

ld
r

f
e

(x::xr)
=

f(x,
fo

ld
r

f
e

xr);

fu
n

le
n

xs
=

fo
ld

r
(fn

(_
,

re
s)

=
>

1
+

re
s)

0
xs;

fu
n

su
m

xs
=

fo
ld

r
(fn

(x,
re

s)
=

>
x+

re
s)

0
xs;

fu
n

p
ro

d
xs

=
fo

ld
r

(fn
(x,

re
s)

=
>

x*re
s)

1
xs;

fu
n

m
a

p
g

xs
=

fo
ld

r
(fn

(x,
re

s)
=

>
g

x
::

re
s)

[]
xs;

U
sing

f
o
l
d
r

and
m
a
p

to
com

pute
f
r
e
e
v
a
r
s

for
arbitrar

y
prim

itives

fu
n

fre
e

va
rs

e
:

strin
g

list
=

ca
se

e
o

f

C
stI

i
=

>
[]

|
V

a
r

x
=

>
[x]

|
L

e
t(x,

e
rh

s,
e

b
o

d
y)

=
>

u
n

io
n

(fre
e

va
rs

e
rh

s,
m

in
u

s
(fre

e
va

rs
e

b
o

d
y,

[x]))
|

P
rim

(o
p

e
,

e
s)

=
>

fo
ld

r
u

n
io

n
[]

(m
a

p
fre

e
va

rs
e

s)
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S
M

L:
the

tree
iterator

tfold
replaces

B
r

b
y

f
and

Lf
b

y
e

fu
n

tfo
ld

f
e

L
f

=
e

|
tfo

ld
f

e
(B

r(v,t1
,t2

))
=

f(v,
tfo

ld
f

e
t1

,
tfo

ld
f

e
t2

);

fu
n

su
m

tre
e

t
=

tfo
ld

(fn
(v,

r1
,

r2
)

=
>

v
+

r1
+

r2
)

0
t;
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