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Abstract

We study the fundamental problem of sorting in a se-
quential model of computation and in particular consider
the time-space trade-off (product of time and space) for this
problem.

Beame has shown a lower bound ofΩ(n2) for this prod-
uct leaving a gap of a logarithmic factor up to the previ-
ously best known upper bound ofO(n2 log n) due to Fred-
erickson. Since then, no progress has been made towards
tightening this gap.

The main contribution of this paper is a comparison
based sorting algorithm which closes the gap by meeting the
lower bound of Beame. The time-space productO(n2) up-
per bound holds for the full range of space bounds between
log n andn/ log n. Hence in this range our algorithm is op-
timal for comparison based models as well as for the very
powerful general models considered by Beame.

1. Introduction

1.1. Motivation and results

The complexity of sorting is a classical problem in com-
puter science which has provided a wide scope of both algo-
rithms and lower bounds (see Knuth [10] and Andersson [1]
for an overview of classical as well as more recent work in
the area). One fruitful line of research has been the inves-
tigation of the trade-off between the two most fundamental
complexity measures,time and space, an investigation pio-
neered by Cobham [7].

Accordingly, time-space trade-offs for sorting is a much
studied problem [2, 4, 6, 8, 13, 15]. Despite the successes

∗Supported by the ESPRIT Long Term Research Programme
of the EU under project number 20244 (ALCOM-IT). E-mail:
{pagter,theis }@brics.dk .
†Part of this work was done while the author was visiting the Fields

Institute, Toronto, Canada.
‡Basic Research in Computer Science,
Centre of the Danish National Research Foundation.

of this work, a discrepancy of at least a logarithmic fac-
tor (referred to in [2, 4, 5, 6, 16]) between the best known
upper bound—O(n2 log n) [8], and the best known lower
bound—Ω(n2) [2]—remained. The main contribution of
this paper is an algorithm which closes this gap:

Theorem 1 There exist positive constantsc1 and c2 such
that for anyS in the intervalc1 log n ≤ S ≤ c2n/ log n,
there is a comparison based algorithm sortingn keys in time
T and spaceS, withT · S = O(n2).

Hence by Beame’s result [2] we obtain as a corollary that
the time-space trade-off complexity isΘ(n2) for the full
range of space bounds betweenlog n andn/ log n in gen-
eral sequential models of computation. Clearly this range is
maximal for comparison based sorting.

Our result involves a new technique for sorting based on
Tree Selection (see [10]).

1.2. Related work

A general survey of time-space trade-offs is given by
Borodin in [3]. An introduction to the area is given by Sav-
age [14].

Upper bounds.Classical sorting algorithms like QuickSort
and MergeSort, haveT ·S = O(n2 log2 n). This stems from
the fact that space is measured in bits and these algorithm
use a linear number of log-sized words andO(n log n) com-
parisons. With respect to trade-offs these algorithms have
the weakness that time cannot be traded for space or vice
versa; i.e., the time-space product only holds for “fixed”
functionsT andS of n.

The study of upper bounds on the time-space trade-off
for sorting was initiated by Munro and Paterson [11] who
gave a time-space focused algorithm in a model with tape-
input. For algorithms with random access input the first
fully scalable, and till now the best upper bound for the
time-space trade-off was given by Frederickson [8], who
showed that for4 logn ≤ S = O(n) there exists a compar-
ison RAM algorithm sortingn keys in timeT and spaceS
such thatT · S = O(n2 log n).
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Of course, these upper bounds also hold in models more
general than the comparison based one, but in such stronger
models other algorithms are also possible. An example
of a non-comparison based algorithm realisingT · S =
O(n2 log n) is radix-sorting (for keys of sizenO(1)).

With the strong restriction that all keys to be sorted are
between1 and n, Beame [2] exhibits a general branch-
ing program realisingT · S = O(n2). Besides restrict-
ing the key-size it is not clear how to construct a uniform
(e.g. RAM) version. Our result complements that of Beame
in the sense that Beame’s results shows optimality within
the model of the lower bound, whereas our result shows
optimality for arbitrary key sizes, and in the weaker com-
parison RAM model (see Section 2).

Lower bounds. The first non-trivial lower bound for non-
oblivious sorting was given by Borodin et al. [6], who
showed that any comparison branching program (see Sec-
tion 2) sortingn keys hasT ·S = Ω(n2). This was followed
by a result of Borodin and Cook, showing that any general
branching program for sorting hasT · S = Ω(n2/ log n).
Their result was improved by Beame [2], who showed that
any general branching program for sorting hasT · S =
Ω(n2).

Set problems.Beame’s result is actually obtained by a sim-
ple reduction from the unique elements problem (givenn
keys, output all those that appear exactly once). For keys
between1 and n Beame gives a matching upper bound.
Our result implies optimality without this restriction on the
range of the keys.

Another set problem is element distinctness (givenn
keys, decide whether they are all distinct). Yao [16] has
shown that any comparison branching program solving the
element distinctness problem onn keys, must haveT · S =
Ω(n2−ε(n)), whereε(n) is decreasing inn.

Patt-Shamir and Peleg [12] studies a number of other set
problems, including: set complementation (given a setX
from some finite subset of an ordered universeU , output
XC), set subtraction (givenX andY , outputX \ Y ), sym-
metric difference (givenX andY , output(X ∪ Y ) \ (X ∩
Y )). For these problems they give a lower bound ofΩ(n2)
on general branching programs. For sets containing only
elements between1 andn, they show that these results are
optimal. Our result implies optimality without restriction
on the range of the keys.

Notice that for all the problems mentioned, only element
distinctness is a decision problem, and for this problem
lower bounds on the time-space trade-off have only been
shown in the comparison based model.

1.3. Outline of paper

Section 2 contains some preliminaries including a defini-
tion of the computational model used. In Section 3 we state

our formal result and describe our algorithm. We finish with
some concluding remarks in Section 4.

2. Preliminaries

2.1. Computational Models

The model used to show our upper bounds is the com-
parison RAM. For completeness, we also comment briefly
on branching programs.

Comparison RAM. One model which can be used for
showing upper bounds is a purely combinatorial one like
branching programs, described below, but describing algo-
rithms in such an abstract manner can be both troublesome
and non-constructive; instead more constructive models like
the RAM are normally used for showing upper bounds.

A comparison RAM is a unit-cost RAM with word-size
Θ(logn), read-only random access to the input, and write-
only access to the output (allowing for a fair space analysis);
the registers which are not used for input nor output, are
called workspace. The input can only be accessed through
unit-cost comparisons of two elementsxi andxj (this could
be regarded as input represented as ann×n-matrixA, such
thatA(i, j) = 1 if and only if xi > xj).

As usual the time used by a comparison RAM algorithm
is the number of operations executed and the space usage is
the maximal number of bits used, i.e., the number of nec-
essary registers in the algorithms workspace times the word
size.

Branching programs. Most time-space trade-offs lower
bounds for sorting and similar problems are proved for the
non-uniform branching program model [2, 4, 5, 6, 9, 12,
13, 15, 16]. In the context of this paper branching programs
are mainly used in two variants: one variant is compari-
son based giving time-space trade-off lower bounds valid
in most comparison based models—in particular the com-
parison RAM; the other variant (known asR-way branch-
ing programs) is more general giving lower bounds valid
in most sequential models of computation—e.g. a unit-cost
RAM allowed to do any kind of manipulation of and based
on the input. A thorough account of branching programs is
given by Savage [14].

2.2. Notation

Throughout the paper, we assume thatn andm are inte-
ger powers of two to ease exposition.

Consider a vectorx = (x1, . . . , xn) ∈ Un from some
ordered universeU . We denote the set{x1, . . . , xn} by
{x}.

An m-divisionof x is a division ofx intom consecutive
sub-vectorseach of lengthn/m; sub-vectorbi (0 ≤ i < m)
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consists of(xin/m+1, . . . , x((i+1)n/m)). Anm-treerelated
to anm-division ofx, is a complete rooted binary tree with
m leaves (i.e., of heightlogm+ 1 and with2m− 1 nodes).

Each leaf,li, is associated with sub-vectorbi of the di-
vision ofx; the root is calledr. For a non-leaf node,v, we
denote its left and right childvL andvR respectively. For
each nodev define:

x(v) =

{
bi if v = li

x(vL) ◦ x(vR) otherwise

wherex ◦ y meansx concatenated withy. In wordsx(v) is
the sub-vector “dominated” byv.

An m-tree can be represented by an array, where infor-
mation in nodes is explicitly represented, whereas the edges
are given implicitly (like the classical implementation of a
heap).

Consider a vectorx ∈ Un with associatedm-tree, and
let Ψ be some subset of{x}. For each nodev define:

Ψ(v) = {x(v)} ∩Ψ.

Notice thatΨ(r) = Ψ.

3. Main result

Theorem 1 There exist positive constantsc1 and c2 such
that for anyS in the intervalc1 log n ≤ S ≤ c2n/ log n,
there is a comparison based algorithm sortingn keys in time
T and spaceS, withT · S = O(n2).

Theorem 1 is derived from a time-space efficient data
structure for the following problem (the model is a compar-
ison RAM). Givenx = (x1, . . . , xn) ∈ Un from an ordered
universeU we want to construct a data structure,DΨ, that
maintains a setΨ ⊆ U under the following operations:

INIT(x): Ψ← {x}.

POP: report the index inx of elementy = min Ψ and
assignΨ← Ψ \ y.

Lemma 1 For m ≥ log n there exists a comparison RAM
algorithm which supports the operationINIT(x) in time
O(n + m logm), the operationPOP in time O(n/m +
log2m), and whose space usage isO(m) bits.

Our data structure consist of a new technique for sorting
which may be understood in terms of Tree Selection [10].
The basic idea of Tree Selection is to maintain a binary tree
with n leaves (ann-tree), such that each node,v, contains
the smallest key ofx(v) not yet reported; instead one can
also represent the keys by their indices which means that
each element can be represented byO(logn) bits. The time
usage of this approach isO(logn) to report an element, and

the space usage isO(n log n). Hence, the time-space prod-
uct for sorting using Tree Selection becomesO(n2 log2 n).

Proof of Lemma 1. The first step of the proof will be the
description of a data structure,DΨ, which almostdoes the
job. The second step will describe an extension of this data
structure which gives the desired result. Finally a formal
analysis of time and space requirements will be given.

We assume without loss of generality that the elements in
x are distinct. That is, for a pair of elements wherexi = xj
for somei < j, we considerxi to be “less than”xj , i.e., our
sorting algorithm performsstable sorting.

Step 1: The basic data structure.DΨ consists of anm-tree,
TΨ, and an indexλ between 1 andn. With each node
v ∈ TΨ we associate a bitstate(v) ∈ {L,R} such that the
following invariant is satisfied:

state(v) =

{
L if min Ψ(v) ∈ Ψ(vL)

R otherwise.
(1)

Clearly, for any nodev, we can find the sub-vectorbi con-
tainingmin Ψ(v) by simply following the path fromv going
left or right depending upon whetherstate(v) is L or R. We
call this path theselection pathfrom v.

Besides the tree we keep the indexλ of the most recently
reported element inx. Henceλ satisfies the invariant:

Ψ(v) = { xi ∈ {x(v)} | xi > xλ}. (2)

For any nodev the indexλ implicitly allows us to distin-
guish between whether a specified element inx(v) has been
reported or not.

Suppose the invariants (1) and (2) are satisfied forDΨ.
Then the operation POP can be implemented as follows.
Follow the selection path to the sub-vectorbi and then per-
form a linear search inbi in order to find the smallestxj
such thatxj > xλ. Reportj and assignλ ← j. Now (2)
holds, but the state information along the processed selec-
tion path may no longer be correct i.e., we need to reestab-
lish (1). This is done simply by finding the new minimum of
Ψ(v) for each nodev along the processed selection path us-
ing the information from the selection paths of the children
of v.

Consider the space cost of the above approach. For each
node we only need to represent a single bit. Using standard
RAM techniques we can represent the tree in a compact ar-
ray usingO(m/w) machine words ofw bits. In addition
to this array we only need a constant number of log-sized
registers for local computation and the representation ofλ.
Hence the space cost isO(m + log n) = O(m); unfortu-
nately the time cost isO((n/m) logm + log2m) per POP

operation (for each of thelogm nodes on the selection path
we follow the path of length at mostlogm, and perform
a linear search taking worst-case timeO(n/m)). Our goal
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is to improve the data structure,DΨ, in order to get rid of
the multiplicativelogm factor for time cost, while keeping
space costO(m).

Step 2: The extended data structure.Intuitively speaking
the key idea is to associate an additional amount of extra
information to each node in the tree. The purpose of this
information is to obtain an exponential decrease of the size
of the sub-vectors in which the linear search is performed.
In this way the search cost for the nodes along the selection
path will constitute an arithmetical progression yielding the
desired bound. The exponential decrease of the search do-
mains is obtained by using some additional bits within each
node. The necessary number of such bits in a node will be
proportional to the level of the node, i.e., a constant num-
ber of bits for nodes near the leaf level and up tologm bits
for nodes near the root. The final analysis shows that such a
scheme still allows total space cost to be bounded byO(m).

Formally we extendDΨ as follows to obtain the im-
provement. For each nodev on levelt (the root having level
0) maintain an integer,µ(v), between0 andm/2t (using
logm− t bits). Supposemin Ψ(v) is in sub-vectorbi; con-
sider anm/2t-division ofbi intom/2t sub-vectors, denoted
bi,j (0 ≤ j < m/2t) of length(n/m2)2t. Thenµ(v) satis-
fies the following invariant

min Ψ(v) ∈ bi,µ(v). (3)

Indeed givenµ(v), a linear search for the minimal element
in Ψ(v) only needs to be concerned with the “small” sub-
vectorbi,µ(v).

With this additional information inDΨ POP behaves as
follows: first it follows the selection path from the root
to the relevant sub-vectorbi of x; it then performs lin-
ear search in the sub-vectorbi,µ(r) (of lengthn/m2) and
obtains the next minimum to be reported; thenλ is up-
dated accordingly to reestablish (2) and finally invariants
(1) and (3) are reestablished level by level along the way
back to the root. To reestablish (1) and (3) for a given
nodev we compute the indicesl andr of min Ψ(vL) and
min Ψ(vR) using the information of the sub-trees rooted by
vL and vR (both with invariants established since we are
going bottom up). Letp be the index ofmin(xl, xr) and
setµ(v) ← b(p − i(n/m))/(m/2t)c assumingxp is from
sub-vectorbi. Finally we setstate(v) ← L if xl < xr and
state(v)← R otherwise.

INIT(x) behaves as follows. First (1) is established by
assigningλ = 0 (assumex0 to be some special value such
thatxi > x0 for 1 ≤ i ≤ n). AfterwardsTΨ is built bottom-
up, one level at a time, establishing (2) and (3).

Time and space complexity.As before we note that using
standard RAM techniques, we may pack the tree into a com-
pact array such that the total number of bits needed in all
nodes of the tree amounts to the space cost of this array

(i.e., for a tree consumingm bits we only useO(m/w) reg-
isters with several “small” words with respect to different
nodes packed into a single register). With this in mind, all
we need is to count the number of bits used.

The total number of bits needed is the sum of the num-
ber of bits used per node plus the small amount of at most
O(logn) additional bits used to keepλ and temporary work
space used for computation along the selection path (i.e.,
keeping information such as current level, constant number
of indices in input, etc.). The total number of bits used for
nodes at levelt is bounded by:

∑

v at levelt

(log(m/2t) + 1) = 2t(logm− t+ 1)

and hence the total number of bits used for maintaining in-
formation in all nodes of our tree is bounded by

logm∑

t=0

2t(logm− t+ 1) = m

logm∑

t=0

t+ 1

2t
< 4m.

Hence in total the space cost isO(m) bits as desired.
In order to bound the time cost we consider the work

done at each level of the selection path. At levelt the linear
search need to make comparisons of a total of(n/m2)2t

elements in{x} together with at mostO(logm) additional
work used to follow the selection path to appropriate sub-
vector (which actually does not involve any comparisons).
The rest of the computation at the level has constant time
cost. Hence the total time cost is bounded by

O

( logm∑

t=0

((n/m2)2t + logm)

)
= O(n/m+ log2m)

as desired.
With respect to INIT(x) we use no more space than

the rest of the algorithm, since we only use a constant
number ofO(logn) sized words besides the data structure
we are building. The time spent building one level,t, is
O(2t(logm+(n/m2)2t)) yielding a total initialisation time
of

O

( logm∑

t=0

2t((n/m2)2t + logm)

)
= O(n+m logm)

as desired. 2

Calling INIT(x) followed byn sub-sequent calls to POP

will report the elements ofx in sorted order. Ifm =
O(n/ log2 n), certainly initialisation time will beO(n) and
the time to report all the elements will beO(n2/m). Thus,
if we let m = S we can sortn keys on a comparison
RAM in time T , and spaceS, with T · S = O(n2), for
c1 log n ≤ S ≤ c2n/ log2 n, for appropriate positive con-
stantsc1 andc2.
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The range in which we can realise this trade-off is not
maximal since a factorlog n is missing. Combining our
ideas with those of Frederickson [8] we can remove this log-
arithmic factor, and obtain the theorem (notice that in terms
of comparisons the desired bound is already achieved).

Proof of Theorem 1.The idea is to use Lemma 1 as a sub-
routine in Frederickson’s algorithm [8]. We will employ an
extra space measureSw, for the number ofΘ(logn)-sized
words used, because Frederickson only uses words of this
size. This impliesS = Θ(Sw log n).

The idea behind Frederickson’s algorithm is to split the
input into Sw sub-vectors each consisting ofn/Sw ele-
ments. A heap is maintained based on the current minima
of each sub-vector. This algorithm uses timeO(n/Sw) to
report an element and update the heap with the reported el-
ement’s successor (from the relevant sub-vector). The heap
uses spaceO((n/Sw) · log n) since we haven/Sw pointers
to elements in the queue and each takelog n bits.

For a suitable sizen/Sw of sub-vectors in Frederick-
son’s algorithm use our algorithm as a sub-routine on each
of these sub-vectors withm = log n. This will decrease
the asymptotic running time with a factorO(logn). The
asymptotic space usage will be the same sinceO(logn) is
exactly the amount of space already used per sub-vector
in Frederickson’s algorithm. This will work forlog2 n ≤
n/Sw = O(n), i.e.,c1 log n ≤ S ≤ c2n/ log n, for appro-
priate positive constantsc1 andc2. 2

The following corollary is immediate from Theorem 1
and the result of Beame [2].

Corollary 1 The time-space trade-off for sortingn keys us-
ing time T and spaceS, in a general sequential model
of computation, isT · S = Θ(n2), for c1 log n ≤ S ≤
c2n/ log n, for appropriate positive constantsc1 andc2.

4. Conclusions

In this paper we have proved that the sequential
time-space complexity of sorting isΘ(n2), for time in
Ω(n log n). It is worth noting that in the specified range,
this complexity is optimal for comparison based as well as
general models. This means, perhaps surprisingly, that with
respect to the time-space product for sorting, comparison
based models are as strong as more general models.
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